Elliptic problems and H\"ormander spaces by Mikhailets, Vladimir A. & Murach, Aleksandr A.
ar
X
iv
:0
90
4.
03
72
v1
  [
ma
th.
AP
]  
2 A
pr
 20
09
ELLIPTIC PROBLEMS AND H

ORMANDER SPACES
VLADIMIR A. MIKHAILETS AND ALEKSANDR A. MURACH
Abstrat. The paper gives a survey of the modern results on ellipti problems on the
Hormander funtion spaes. More preisely, ellipti problems are studied on a Hilbert sale
of the isotropi Hormander spaes parametrized by a real number and a funtion slowly
varying at +∞ in the Karamata sense. This rened sale is ner than the Sobolev sale and
is losed with respet to the interpolation with a funtion parameter. The Fredholm property
of ellipti operators and ellipti boundary-value problems is preserved for this sale. A loal
rened smoothness of the ellipti problem solution is studied. An abstrat onstrution
of lasses of funtion spaes in whih the ellipti problem is a Fredholm one is found. In
partiular, some generalizations of the Lions-Magenes theorems are given.
0. Introdution
The paper gives a survey of the modern results [3249℄ devoted to ellipti problems on the
Hilbert sale of the isotropi Hormander spaes
Hs,ϕ := H
〈·〉s ϕ(〈·〉)
2 , 〈ξ〉 :=
(
1 + |ξ|2
)1/2
. (0.1)
Here s ∈ R and ϕ is a funtional parameter slowly varying at +∞ in the Karamata sense. In
partiular, every standard funtion
ϕ(t) = (log t)r1(log log t)r2 . . . (log . . . log t)rk , t≫ 1,
{r1, r2, . . . , rk} ⊂ R, k ∈ Z+,
is admissible. This sale ontains the Sobolev sale {Hs} ≡ {Hs,1}, is attahed to it by the
number parameter s, and muh ner than {Hs}.
Spaes of form (1) arise naturally in dierent spetral problems: onvergene of spetral
expansions of self-adjoint ellipti operators almost everywhere, in the norm of the spaes
Lp with p > 2 or C (see survey [6℄); spetral asymptotis of general self-adjoint ellipti
operators in a bounded domain, the Weyl formula, a sharp estimate of the remainder in it
(see [30, 31℄) and others. They may be expeted to be useful in other "ne" questions. Due
to their interpolation properties, the spaes Hs,ϕ oupy a speial position among the spaes
of a generalized smoothness, whih are atively investigated and used today (see survey [23℄,
reent artiles [19, 14℄ and the bibliography given therein).
The paper onsists of six setions. In Setion 1 the rened sale of the Hormander spaes
(0.1) is introdued and studied. In partiular, important interpolation properties of this sale
are under investigation. In Setion 2 an ellipti pseudodierential operator on the rened
sale on a losed ompat smooth manifold is onsidered. We show that this operator is a
Fredholm one and establishes a olletion of isomorphisms on the two-sided rened sale.
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Key words and phrases. Hormander spaes, generalized smoothness, interpolation with a fun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eter, ellipti operator, ellipti boundary-value problem, the Fredholm property, loal regularity of solutions,
the Lions-Magenes theorems.
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The loal rened smoothness of a solution to the ellipti equation is studied. We also give an
equivalent denition of the rened sale on the losed manifold by means of ertain funtions
of a positive ellipti operator.
Next we study a regular ellipti boundary problem on a bounded Eulidean domain with
the smooth boundary. In Setion 3 we show that the operator of this problem is a Fredholm
one on the upper part of the rened sale. A loal rened smoothness up to the boundary of a
solution to the problem is studied. As an important appliation, we give a suient ondition
for the solution to be lassial. Setion 4 is devoted to semihomogeneous ellipti boundary
problems. We show that these problems are Fredholm on the two-sided rened sales.
Sine the operator of the general nonhomogeneous boundary problem annot be dened
orretly on the lower part of the rened sale, we onsider in Setion 5 a speial modied
rened sale on whih the operator is well-dened, bounded, and Fredholm everywhere. This
modiation depends solely on the order of the problem, so that the theorem on the Fredholm
property is generi for the lass of ellipti problems having the same order.
The last Setion 6 is devoted to some individual theorems on the Fredholm property. We
give an abstrat onstrution of lasses of funtion spaes on whih the ellipti problem op-
erator is a Fredholm one. A harateristi feature of this onstrution is that the domain of
the operator depends on oeients of the ellipti expression. So, we have the individual the-
orems on the Fredholm property. As an important appliation, we give some generalizations
of the known Lions-Magenes theorems.
1. A refined sale of H

ormander spaes
Let us denote by M the set of all funtions ϕ : [1,+∞)→ (0,+∞) suh that:
a) ϕ is a Borel measurable funtion;
b) the funtions ϕ and 1/ϕ are bounded on every losed interval [1, b], where 1 < b < +∞;
) ϕ is a slowly varying funtion at +∞ in the Karamata sense (see [61, Se. 1.1℄), i.e.
lim
t→+∞
ϕ(λ t)/ϕ(t) = 1 for eah λ > 0.
Let s ∈ R and ϕ ∈ M. We denote by Hs,ϕ(Rn) the spae of all tempered distributions w
on the Eulidean spae Rn suh that the Fourier transform ŵ of the distribution w is a loally
Lebesgue integrable on Rn funtion whih satises the ondition∫
Rn
〈ξ〉2s ϕ2(〈ξ〉) |ŵ(ξ)|2 dξ <∞.
Here 〈ξ〉 = (1 + ξ21 + . . . + ξ
2
n)
1/2
is the smoothed modulus of a vetor ξ = (ξ1, . . . , ξn) ∈ Rn.
An inner produt in the spae Hs,ϕ(Rn) is dened by the formula
(w1, w2)Hs,ϕ(Rn) :=
∫
Rn
〈ξ〉2sϕ2(〈ξ〉) ŵ1(ξ) ŵ2(ξ) dξ.
The inner produt indues the norm in Hs,ϕ(Rn) in the usual way. Note that we onsider
distributions whih are antilinear funtionals on the spae of test funtions.
The spae Hs,ϕ(Rn) is a speial isotropi Hilbert ase of the spaes introdued and inves-
tigated by L. Hormander [20, Se. 2.2℄, [21, Se. 10.1℄ and the dierent spaes studied by
L. R. Volevih and B. P. Paneah [65, Se. 2℄, [53, Se. 1.4.2℄. In the simplest ase where
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ϕ(·) ≡ 1, the spae Hs,ϕ(Rn) oinides with the Sobolev spae Hs(Rn). The inlusions⋃
ε>0
Hs+ε(Rn) =: Hs+(Rn) ⊂ Hs,ϕ(Rn) ⊂ Hs−(Rn) :=
⋂
ε>0
Hs−ε(Rn)
imply that in the set of separable Hilbert spaes{
Hs,ϕ(Rn) : s ∈ R, ϕ ∈M
}
, (1.1)
the funtional parameter ϕ denes an additional (subpower) smoothness with respet to
the basi (power) s-smoothness. Otherwise speaking, ϕ renes the power smoothness s.
Therefore, the olletion of spaes (1.1) is naturally alled the rened sale over Rn (with
respet to the Sobolev sale).
We are going to study an appliation of the rened sale to ellipti boundary problems in
a bounded domain Ω ⊂ Rn. Therefore, we need to have the rened sales over the domain Ω
and over its boundary ∂Ω. The rened sale over the losed domain Ω := Ω ∪ ∂Ω is also of
use. We onstrut these sales from (1.1) in the standard way.
Let us denote
Hs,ϕ(Ω) :=
{
u = w ↾ Ω : w ∈ Hs,ϕ(Rn)
}
,
‖ u ‖Hs,ϕ(Ω) := inf
{
‖w ‖Hs,ϕ(Rn) : w ∈ H
s,ϕ(Rn), w = u in Ω
}
.
The norm in the spae Hs,ϕ(Ω) is indued by the inner produt(
u1, u2
)
Hs,ϕ(Ω)
:=
(
w1 − Πw1, w2 − Πw2
)
Hs,ϕ(Rn)
.
Here wj ∈ H
s,ϕ(Rn), wj = uj in Ω for j = 1, 2, and Π is the orthogonal projetor of the
spae Hs,ϕ(Rn) onto the subspae {w ∈ Hs,ϕ(Rn) : suppw ⊆ Rn \ Ω}. The spae Hs,ϕ(Ω) is
a separable Hilbert one.
We also denote
Hs,ϕ
Ω
(Rn) :=
{
w ∈ Hs,ϕ(Rn) : suppw ⊆ Ω
}
.
This spae is a separable Hilbert one with respet to the inner produt in the spae Hs,ϕ(Rn).
Thus the spae Hs,ϕ(Ω) onsists of the distributions given in the open domain Ω, whereas
the spae Hs,ϕ
Ω
(Rn) onsists of the distributions supported on the losed domain Ω. The
olletions of Hilbert spaes{
Hs,ϕ(Ω) : s ∈ R, ϕ ∈M
}
and
{
Hs,ϕ
Ω
(Rn) : s ∈ R, ϕ ∈M
}
(1.2)
are alled the rened sales over Ω and over Ω respetively.
The boundary ∂Ω is assumed to possess an innitely smooth eld of unit vetors of normals.
So, ∂Ω is a partiular ase of a ompat losed innitely smooth manifold. Let us dene the
rened sale over a losed innitely smooth manifold Γ of an arbitrary dimension n.
We hoose a nite atlas from the C∞-struture on the manifold Γ onsisting of the loal
harts αj : R
n ↔ Uj , j = 1, . . . , r. Here the open sets Uj form the nite overing of the
manifold Γ. Let funtions χj ∈ C∞(Γ), j = 1, . . . , r, form a partition of unity on Γ satisfying
the ondition suppχj ⊂ Uj .
We set
Hs,ϕ(Γ) := {h ∈ D′(Γ) : (χjh) ◦ αj ∈ H
s,ϕ(Rn) ∀ j = 1, . . . , r} .
Here, as usual, D′(Γ) is the topologial spae of all distributions on Γ, and (χjh) ◦ αj is the
representation of the distribution χjh in the loal hart αj . The inner produt in the spae
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Hs,ϕ(Γ) is dened by the formula
(h1, h2)Hs,ϕ(Γ) :=
r∑
j=1
((χjh1) ◦ αj , (χjh2) ◦ αj)Hs,ϕ(Rn)
and indues the norm in the usual way.
The Hilbert spae Hs,ϕ(Γ) is separable and does not depend (up to equivalene of norms)
on the hoie of the atlas and the partition of unity. The olletion of funtion spaes
{Hs,ϕ(Γ) : s ∈ R, ϕ ∈M} (1.3)
is alled the rened sale over the manifold Γ. Speially, we need the rened sale of spaes
Hs,ϕ(∂Ω).
We note the following properties of the rened sales:
Theorem 1.1. Let s ∈ R and ϕ, ϕ1 ∈M. The following assertions are true:
(i) The set C∞( Ω ) is dense in the spae Hs,ϕ(Ω).
(ii) The set C∞0 (Ω) := {w ∈ C
∞(Rn) : suppw ⊂ Ω} is dense in the spae Hs,ϕ
Ω
(Rn).
(iii) If |s| < 1/2, then the mapping w → w ↾ Ω establishes a topologial isomorphism from
Hs,ϕ
Ω
(Rn) onto Hs,ϕ(Ω).
(iv) For eah ε > 0 the ompat and dense embeddings hold:
Hs+ε,ϕ1(Ω) →֒ Hs,ϕ(Ω), Hs+ε,ϕ1
Ω
(Rn) →֒ Hs,ϕ
Ω
(Rn). (1.4)
(v) Suppose that the funtion ϕ/ϕ1 is bounded in a neighborhood of +∞. Then ontinuous
dense embeddings (1.4) are valid for ε = 0. They are ompat if ϕ(t)/ϕ1(t) → 0 as
t→ +∞.
(vi) For every xed integer k ≥ 0 the inequality∫ +∞
1
d t
t ϕ 2(t)
<∞ (1.5)
is equivalent to the embedding Hk+n/2, ϕ(Ω) →֒ Ck( Ω ). This embedding is ompat.
(vii) The spaes Hs,ϕ(Ω) and H
−s,1/ϕ
Ω
(Rn) are mutually dual with respet to the inner prod-
ut in L2(Ω).
(viii) The mapping u 7→ u ↾ ∂Ω, u ∈ C∞( Ω ), is extended by a ontinuity to the bounded
trae operator from Hs,ϕ(Ω) onto Hs−1/2, ϕ(∂Ω), provided that s > 1/2.
Assertions (iv)  (vi) show that the rened sale is muh ner than the lassial Sobolev
sale (the ase of ϕ ≡ ϕ1 ≡ 1). Note also that ϕ ∈M⇔ 1/ϕ ∈M, so the spae H
−s,1/ϕ
Ω
(Rn)
in assertion (vii) is dened as an element of the rened sale.
Theorem 1.2. Let s ∈ R and ϕ, ϕ1 ∈M. Then:
(i) Assertions (i) and (iv)  (vi) of Theorem 1.1 hold true if we replae both the notations
(Ω) and ( Ω ) with (Γ).
(ii) The spaes Hs,ϕ(Γ) and H−s,1/ϕ(Γ) are mutually dual (up to equivalene of norms)
with respet to the inner produt in the spae L2(Γ, dx), where dx is a C
∞
-smooth
density on Γ.
The rened sale of spaes (1.1), (1.2), and (1.3) were introdued and investigated by
authors in [32, 34, 39℄. Theorems 1.1, 1.2 were proved in [34, Theorem 3.6℄ and [39, Theorem
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4.2℄. All assertions of these theorems, exept (iii), follow from the properties of Hormander
spaes [20, Se. 2.2℄, [21, Se. 10.1℄ (see also [65, Se. 2℄, [53, Se. 1.4.2℄).
The rened sale possesses the interpolation property whih selets the sale from among
the spaes of generalized smoothness. Namely, every spae of this sale is obtained by the
interpolation, with an appropriate funtion parameter, of a ouple of the Sobolev spaes. We
reall the denition of suh an interpolation in the ase of general separable Hilbert spaes.
Let an ordered ouple X := [X0, X1] of omplex Hilbert spaes X0 and X1 be suh that
these spaes are separable and the ontinuous dense embedding X1 →֒ X0 holds true. We
all this ouple admissible. For the ouple X there exists an isometri isomorphism J :
X1 ↔ X 0 suh that J is a self-adjoint positive operator in the spae X 0 with the domain
X1. This operator is uniquely determined by the ouple X . Let a Borel measurable funtion
ψ : (0,+∞)→ (0,+∞) be given. We denote by [X0, X1]ψ or simply by Xψ the domain of the
operator ψ(J) endowed with the graphis inner produt and the orresponding norm:
(u, v)Xψ := (u, v)X0 + (ψ(J)u, ψ(J)v)X0, ‖ u ‖Xψ = (u, u)
1/2
Xψ
.
The spae Xψ is a separable Hilbert one.
The funtion ψ is alled an interpolation parameter if the following ondition is fullled for
all admissible ouples X = [X0, X1], Y = [Y0, Y1] of Hilbert spaes and an arbitrary linear
mapping T given on X0: if the restrition of the mapping T to the spae Xj is a bounded
operator T : Xj → Yj for eah j = 0, 1, then the restrition of the mapping T to the spae
Xψ is also a bounded operator T : Xψ → Yψ.
Theorem 1.3. Let a funtion ϕ ∈M and positive numbers ε, δ be given. We set
ψ(t) := t ε/(ε+δ) ϕ(t1/(ε+δ)) for t ≥ 1 and ψ(t) := ϕ(1) for 0 < t < 1.
Then the funtion ψ is an interpolation parameter and, for eah s ∈ R, the following equalities
of spaes with equivalene of norms in them are true:[
Hs−ε,1(G), Hs+δ,1(G)
]
ψ
= Hs,ϕ(G) for G ∈ {Rn,Ω,Γ},[
Hs−ε,1
Ω
(Rn), Hs+δ,1
Ω
(Rn)
]
ψ
= Hs,ϕ
Ω
(Rn).
The rened sale is losed with respet to the interpolation with a funtion parameter
ψ(t) := tθχ(t) where 0 < θ < 1, whereas χ(t) is a Borel measurable positive funtion slowly
varying at +∞.
Theorem 1.4. Let s0, s1 ∈ R, s0 ≤ s1, and ϕ0, ϕ1 ∈ M. In the ase where s0 = s1 we
suppose that the funtion ϕ0/ϕ1 is bounded in a neighborhood of +∞. Let a Borel measurable
funtion ψ : (0,+∞) → (0,+∞) is of the form ψ(t) := tθχ(t), where 0 < θ < 1 and χ(t) is
a funtion slowly varying at +∞. Then ψ is an interpolation parameter, and the following
equalities of spaes with equivalene of norms in them are true:[
Hs0,ϕ0(G), Hs1,ϕ1(G)
]
ψ
= Hs,ϕ(G) for G ∈ {Rn,Ω,Γ},[
Hs0,ϕ0
Ω
(Rn), Hs1,ϕ1
Ω
(Rn)
]
ψ
= Hs,ϕ
Ω
(Rn).
Here s := (1− θ)s0 + θs1, and the funtion ϕ ∈M is given by the formula
ϕ(t) := ϕ1−θ0 (t)ϕ
θ
1(t)χ
(
ts1−s0ϕ1(t)/ϕ0(t)
)
for t ≥ 1.
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The interpolation of general Hilbert spaes with a funtion parameter was studied in [15,
12, 54, 40℄. The lass of all interpolation parameters was desribed in [54℄ (see also [40,
Theorem 2.7℄). Theorem 1.3 was proved in [34, Theorems 3.1, 3.5℄ and [39, Theorem 4.1℄.
Theorem 1.4 was proved in [40, Theorem 3.7℄ for the rened sale over Γ (the proof for the
sales (1.1) and (1.2) is analogous). Various normed spaes of generalized smoothness over
Rn were studied by means of the interpolation with a funtion parameter in [29, 11℄.
2. An ellipti operator on a losed manifold
We reall that Γ is a losed (ompat and without a boundary) innitely smooth manifold
of an arbitrary dimension n ≥ 1 and a ertain C∞-density dx is dened on Γ. We interpret
D′(Γ) as a spae antidual to C∞(Γ) with respet to the extension of the inner produt in
L2(Γ, dx) by ontinuity. This extension is denoted by (f, w)Γ for f ∈ D′(Γ), w ∈ C∞(Γ).
Let A be a lassial (polyhomogeneous) pseudodierential operator on Γ of an arbitrary
order r ∈ R. The omplete symbol of A is an innitely smooth omplex-valued funtion on
the otangent bundle T ∗Γ. We assume that pseudodierential operator A is ellipti on Γ.
The mapping u 7→ Au is a linear ontinuous operator on the spaeD′(Γ). We will investigate
the restrition of this operator to spaes of the rened sale over Γ.
Let us denote by A+ a pseudodierential operator formally adjoint to A with respet to
the sesquilinear form (·, ·)Γ. Sine both A and A
+
are ellipti on Γ, both the spaes
N := {u ∈ C∞(Γ) : Au = 0 on Γ } , N+ :=
{
v ∈ C∞(Γ) : A+v = 0 on Γ
}
are nite-dimensional.
Let us reall the following: a linear bounded operator T : X → Y is alled a Fredholm
one if its kernel is nite-dimensional and its range T (X) is losed in the spae Y and has the
nite odimension therein. Here X and Y are Hilbert spaes. The Fredholm operator T has
the nite index indT := dim ker T − dim(Y/ T (X)).
Theorem 2.1. A restrition of the mapping u 7→ Au, u ∈ D′(Γ), establishes the linear
bounded operator
A : Hs,ϕ(Γ)→ Hs−r,ϕ(Γ) for eah s ∈ R, ϕ ∈M. (2.1)
This operator is a Fredholm one, has the kernel N and the range{
f ∈ Hs−r,ϕ(Γ) : (f, v)Γ = 0 ∀ v ∈ N
+
}
.
The index of the operator (2.1) is equal to dimN − dimN+ and does not depend on s and ϕ.
Theorem 2.2. For arbitrarily hosen parameters s ∈ R, ϕ ∈ M, and σ < s, the following
a priori estimate holds true:
‖u‖Hs,ϕ(Γ) ≤ c
(
‖Au‖Hs−r, ϕ(Γ) + ‖u‖Hσ,ϕ(Γ)
)
∀ u ∈ Hs,ϕ(Γ).
Here the number c > 0 does not depend on u.
If the spaes N and N+ are trivial, then the operator (2.1) is a topologial isomorphism.
Generally, it is onvenient to onstrut the isomorphism with the help of two projetors. Let
us deompose the spaes from (2.1) into the following diret sums of (losed) subspaes:
Hs,ϕ(Γ) = N ∔
{
u ∈ Hs,ϕ(Γ) : (u, w)Γ = 0 ∀ w ∈ N
}
,
Hs−r,ϕ(Γ) = N+ ∔
{
f ∈ Hs−r, ϕ(Γ) : (f, v)Γ = 0 ∀ v ∈ N
+
}
.
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We denote by P and P+ respetively the projetors of these spaes on the seond terms in
the sums in parallel to the rst terms. The projetors do not depend on s, ϕ.
Theorem 2.3. Let s ∈ R and ϕ ∈ M. The restrition of the operator (2.1) to the subspae
P (Hs,ϕ(Γ)) establishes the topologial isomorphism
A : P (Hs,ϕ(Γ))↔ P+(Hs−r, ϕ(Γ)).
Theorems 2.12.3 were proved in [48, Se. 4℄. They speify, with regard to the rened sale,
the known theorems on properties of an ellipti pseudodierential operator on the Sobolev
sale (see [22, Theorem 19.2.1℄ or [4, Theorems 2.3.3, 2.3.12℄). Note that the boundedness
of the operator (2.1) holds true without the assumption about elliptiity of A. If dimΓ ≥ 2,
then the index of operator (2.1) is equal to zero [7℄, [4, Se. 2.3 f℄. In the ase where
dimΓ = 1, the index an be nonzero. There is a lass of ellipti operators depending on a
omplex parameter (so alled parameter ellipti operators) suh that N = N+ = {0} for all
values of the parameter suiently large in modulus [4, Se. 4.1℄. Moreover for a solution
to a parameter ellipti equation, a ertain two-sided a priory estimate holds with onstants
independent of the parameter. Suh an estimate was obtained for the rened sale in [48,
Theorem 6.1℄. The analogs of Theorems 2.12.3 for dierent types of ellipti matrix operators
were proved in [46, 49, 42℄.
Let us study a loal smoothness of an ellipti equation solution in the rened sale. Let Γ0
be an nonempty open set on the manifold Γ. We denote
Hs,ϕloc (Γ0) :=
{
f ∈ D′(Γ) : χ f ∈ Hs,ϕ(Γ) ∀ χ ∈ C∞(Γ), suppχ ⊆ Γ0
}
.
Theorem 2.4. Let u ∈ D′(Γ) be a solution to the equation Au = f on Γ0 with f ∈ H
s,ϕ
loc (Γ0)
for some s ∈ R and ϕ ∈M. Then u ∈ Hs+r,ϕloc (Γ0).
This theorem and the analog of Theorem 1.1 (vi) for the rened sale over Γ imply the
following suient ondition for a solution u to have ontinuous derivatives of a presribed
order.
Theorem 2.5. Let u ∈ D′(Γ) be a solution to the equation Au = f on Γ0, where f ∈
H
k−r+n/2, ϕ
loc (Γ0) for a ertain integer k ≥ 0 and a funtion parameter ϕ satisfying inequality
(1.5). Then u ∈ Ck(Γ0).
Theorems 2.4 and 2.5 were proved in [48, Se. 5℄. Theorem 2.5 shows an advantage of
the rened sale over the Sobolev sale when a lassial smoothness of a solution is under
investigation. Indeed, if we restrit ourselves to the ase of ϕ ≡ 1, we have to replae the
ondition f ∈ Hk−r+n/2, ϕloc (Γ0) with the ondition f ∈ H
k−r+ε+n/2,1
loc (Γ0) for some ε > 0. The
last ondition is far stronger than previous one. The analogs of Theorems 2.4 and 2.5 for
ellipti matrix operators were proved in [46, 49, 42℄. A loal regularity of an ellipti system
solution in the Sobolev sale was investigated in [20, Se. 10.6℄. We also note that, in
the Hormander spaes, regularity properties of solutions to hypoellipti partial dierential
equations with onstant oeients were studied in [20, Ch. IV℄, [21, Ch. 11℄
At the end of this setion we give, with the help of A, an alternative and equivalent denition
of the rened sale over the losed manifold Γ.
Let us assume that ordA = r > 0 and that the operator A : C∞(Γ) → C∞(Γ) is positive
in the spae L2(Γ, dx). We denote by A0 the losure of this operator in L2(Γ, dx). Let s ∈ R,
ϕ ∈M, and
ϕs,r(t) := t
s/rϕ(t1/r) for t ≥ 1 and ϕs,r(t) := ϕ(1) for 0 < t < 1.
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The operator ϕs,r(A0) is regarded in L2(Γ, dx) as the Borel funtion ϕs,r of the self-adjoint
operator A0.
Theorem 2.6. For arbitrary s ∈ R and ϕ ∈ M, the spae Hs,ϕ(Γ) oinides with the om-
pletion of the set of all funtions u ∈ C∞(Γ) with respet to the norm ‖ϕs,r(A0) u‖L2(Γ), whih
is equivalent to the norm ‖u‖Hs,ϕ(Γ).
An important example of the operator A mentioned above is the operator 1 −△Γ, where
△Γ is the Beltrami-Laplae operator on the Riemannian manifold Γ (then r = 2).
Theorem 2.6 was proved in [40, Se 3.8℄. For equivalent denition of the Sobolev sale over
Γ, the powers of A0 is used instead of the regular varying funtion ϕs (see [4, Se 5.3℄).
3. An ellipti boundary problem on the one-sided sale
Let us reall that Ω is a bounded domain in Rn, were n ≥ 2, and that its boundary ∂Ω is a
losed innitely smooth manifold of the dimension n− 1. We onsider the nonhomogeneous
boundary problem in the domain Ω:
Lu ≡
∑
|µ|≤2q
lµD
µu = f in Ω, (3.1)
Bj u ≡
∑
|µ|≤mj
bj,µD
µu = gj on ∂Ω, j = 1, . . . , q. (3.2)
Here L and Bj are linear partial dierential expressions with omplex-valued oeients
lµ ∈ C∞( Ω ) and bj,µ ∈ C∞(∂Ω). We suppose that ordL = 2q is an even positive number
and ordBj = mj ≤ 2q − 1 for all j = 1, . . . , q. Let m := max {m1, . . . , mq}.
In what follows the boundary problem (3.1), (3.2) is assumed to be regular ellipti. It
means that the expression L is proper ellipti in Ω, and the system B := (B1, . . . , Bq) of the
boundary expressions is normal and satises the omplementing ondition with respet to L
on ∂Ω (see [27℄, [63, Se. 5.2.1℄). It follows from the ondition of normality that all numbers
mj , j = 1, . . . , q, are distint.
We will investigate the mapping u 7→ (Lu,Bu) in appropriate spaes of the rened sales.
To desribe the range of this mapping, we onsider the boundary problem
L+v = ω in Ω, (3.3)
B+j v = hj on ∂Ω, j = 1, . . . , q, (3.4)
formally adjoint to the problem (3.1), (3.2) with respet to the Green formula
(Lu, v)Ω +
q∑
j=1
(Bju, C
+
j v)∂Ω = (u, L
+v)Ω +
q∑
j=1
(Cju, B
+
j v)∂Ω, u, v ∈ C
∞( Ω ). (3.5)
Here L+ is the linear dierential expression formally adjoint to L, and {B+j }, {Cj}, {C
+
j }
are some normal systems of linear dierential boundary expressions. Their oeients are
innitely smooth, and their orders satisfy the equalities
ordL+ = 2q, ordBj + ordC
+
j = ordCj + ordB
+
j = 2q − 1.
We denote m+j := ordB
+
j . In (3.5) and bellow, the notations (·, ·)Ω and (·, ·)∂Ω stand for the
inner produts in the spaes L2(Ω) and L2(∂Ω) respetively, and also denote the extensions
by ontinuity of these produts.
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We set
N := {u ∈ C∞( Ω ) : Lu = 0 in Ω, Bju = 0 on ∂Ω ∀ j = 1, . . . , q},
N+ := {v ∈ C∞( Ω ) : L+v = 0 in Ω, B+j v = 0 on ∂Ω ∀ j = 1, . . . , q}.
Sine both the problems (3.1), (3.2) and (3.3), (3.4) are regular ellipti, both the spaes N
and N+ are nite dimensional.
Theorem 3.1. Let s > m+ 1/2 and ϕ ∈M. The mapping
(L,B) : u→ (Lu,B1u, . . . , Bqu), u ∈ C
∞( Ω ), (3.6)
is extended by a ontinuity to the bounded linear operator
(L,B) : Hs,ϕ(Ω)→ Hs−2q,ϕ(Ω)⊕
q⊕
j=1
Hs−mj−1/2, ϕ(∂Ω) =: Hs,ϕ(Ω, ∂Ω). (3.7)
This operator is a Fredholm one. Its kernel oinides with N , and its range is equal to the set{
(f, g1, . . . , gq) ∈ Hs,ϕ(Ω, ∂Ω) : (f, v)Ω +
q∑
j=1
(gj, C
+
j v)∂Ω = 0 ∀ v ∈ N
+
}
. (3.8)
The index of the operator (3.7) is equal to dimN − dimN+ and does not depend on s, ϕ.
In this theorem and in the next theorems of the setion, the ondition s > m + 1/2 is
essential. Indeed, if s < mj + 1/2 for some j = 1, . . . , q, then the mapping u → Bju,
u ∈ C∞( Ω ), an not be extended to the ontinuous linear operator Bj : Hs,ϕ(Ω)→ D′(∂Ω).
Thus the operator (3.6) is orretly dened on the upper rened one-sided sale
{Hs,ϕ(Ω) : s > m+ 1/2, ϕ ∈M
}
.
Hene the left-hand sides of equations (3.1), (3.2) is dened for eah u ∈ Hs,ϕ(Ω) with
s > m+ 1/2, whereas these equations are understood in the theory of distributions.
Theorem 3.2. For arbitrarily hosen parameters s > m + 1/2, ϕ ∈ M, and σ < s, the
following a priori estimate holds true:
‖u‖Hs,ϕ(Ω) ≤ c
(
‖(L,B)u‖Hs,ϕ(Ω,∂Ω) + ‖u‖Hσ,ϕ(Ω)
)
∀ u ∈ Hs,ϕ(Ω).
Here the number c > 0 does not depend on u.
If the spaes N and N+ are trivial, then the operator (3.7) is a topologial isomorphism.
In general, we an get the isomorphism with the help of two projetors. Let the spaes in
whih the operator (3.7) ats be deomposed into the following diret sums of subspaes:
Hs,ϕ(Ω) = N ∔
{
u ∈ Hs,ϕ(Ω) : (u, w)Ω = 0 ∀ w ∈ N
}
,
Hs,ϕ(Ω, ∂Ω) =
{
(v, 0, . . . , 0) : v ∈ N+
}
∔ (3.8).
We denote by P and Q+ respetively the projetors of these spaes on the seond terms in
the sums in parallel to the rst terms. The projetors are independent of s and ϕ.
Theorem 3.3. Let s > m + 1/2 and ϕ ∈ M. The restrition of the operator (3.7) to the
subspae P(Hs,ϕ(Ω)) establishes the topologial isomorphism
(L,B) : P(Hs,ϕ(Ω))↔ Q+(Hs,ϕ(Ω, ∂Ω)).
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Theorems 3.13.3 were proved in [34, Se. 4℄. The boundedness of the operator (3.7)
holds true without the assumption that the boundary problem (3.1), (3.2) is ellipti. In the
paper [62℄ this problem was studied in a dierent sale of the Hormander spaes (also alled a
rened one). Theorems 3.13.3 speify, with regard to the rened sale, the known theorems
on properties of an ellipti boundary problem in the Sobolev one-sided sale (see [1, Ch. V℄,
[27, Ch. 2, Se. 5.4℄, [22, Ch. 20℄, [5, Se 2, 4℄). The analogs of Theorems 3.13.3 are valid
for nonregular ellipti boundary problems [34℄ and for ellipti problems for systems of partial
dierential equations [47℄. The ase where the boundary operators have distint orders on
dierent onneted omponents of the domain Ω was onsidered espeially in [45℄. There is a
lass of ellipti boundary problems depending on a parameter λ ∈ C suh thatN = N+ = {0}
for |λ| ≫ 1, and hene the index of the orresponding operator is equal to 0 for all λ (see
[2, 3℄, [5, Se. 3℄). For a solution to suh a parameter ellipti problem, a ertain two-sided a
priory estimate holds with onstants independent of the parameter λ ∈ C with |λ| ≫ 1. Suh
an estimate was obtained for the rened sale in [35, Theorem 7.2℄. Regular ellipti boundary
problems in positive one-sided sales of dierent normed spaes were studied in [1, 63, 64℄.
Now we study an inrease in a loal smoothness of an ellipti boundary problem solution.
Let U be an open subset in Rn. We set Ω0 := U ∩ Ω 6= ∅ and Γ0 := U ∩ ∂Ω (the ase were
Γ0 = ∅ is possible). Let us introdue the following loal analogs of spaes of the rened sales:
Hσ,ϕloc (Ω0,Γ0) :=
{
u ∈ D′(Ω) : χu ∈ Hσ,ϕ(Ω) ∀ χ ∈ C∞(Ω), suppχ ⊆ Ω0 ∪ Γ0
}
,
Hσ,ϕloc (Γ0) :=
{
h ∈ D′(∂Ω) : χh ∈ Hσ,ϕ(∂Ω) ∀ χ ∈ C∞(∂Ω), suppχ ⊆ Γ0
}
.
Here σ ∈ R, ϕ ∈M and, as usual, D′(Ω) denotes the topologial spae of all distributions in
Ω.
Theorem 3.4. Let s > m+ 1/2 and η ∈ M. Suppose that the distribution u ∈ Hs,η(Ω) is a
solution to the problem (3.1), (3.2), where
f ∈ Hs−2q+ε,ϕloc (Ω0,Γ0) and gj ∈ H
s−mj−1/2+ε, ϕ
loc (Γ0), j = 1, . . . , q,
for some ε ≥ 0 and ϕ ∈M. Then u ∈ Hs+ε,ϕloc (Ω0,Γ0).
Note that in the ase where Ω0 = Ω and Γ0 = ∂Ω we have the global smoothness inrease
(i.e. the inrease in the whole losed domain Ω). If Γ0 = ∅, then we get an interior smoothness
inrease (in an open subset Ω0 ⊆ Ω).
Theorems 3.4 and 1.1 (vi) imply the following suient ondition for the solution u to be
lassial.
Theorem 3.5. Let s > m+ 1/2 and χ ∈M. Suppose that the distribution u ∈ Hs,χ(Ω) is a
solution to the problem (3.1), (3.2) in whih
f ∈ Hn/2, ϕloc (Ω, ∅) ∩H
m−2q+n/2, ϕ(Ω),
gj ∈ H
m−mj+(n−1)/2, ϕ(∂Ω), j = 1, . . . , q,
and the funtion parameter ϕ ∈M satises ondition (1.5). Then the solution u is lassial,
that is u ∈ C2q(Ω) ∩ Cm( Ω ).
Theorems 3.4, 3.5 were proved in [35, Se. 5, 6℄ (generally, for a non regular ellipti
problem). The analog of Theorem 3.4 is valid for ellipti boundary problems for systems of
partial dierential equations [47℄. In the Sobolev positive one-sided sale (s ≥ 0, ϕ ≡ 1), a
smoothness of solutions to ellipti boundary problems was investigated in [52, 10, 59℄, [9, Ch.
3, Se. 4℄ (see also [5, Se. 2.4℄).
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4. Semihomogeneous ellipti problems
4.1. As we have mentioned, the results of Setion 3 are not valid for s < m + 1/2 beause
the mapping (3.6) an not be extended to the bounded linear operator (3.7). But if the
boundary problem (3.1), (3.2) is semihomogeneous (i.e., f ≡ 0 or all gj ≡ 0), it establishes
a bounded and Fredholm operator in the two-sided rened sale (for all real s). We will
onsider separately the ase of the homogeneous ellipti equation (3.1) and the ase of the
homogeneous boundary onditions (3.2).
4.2. A boundary problem for a homogeneous ellipti equation. Let us onsider the
regular ellipti boundary problem (3.1), (3.2), provided that f ≡ 0:
Lu = 0 on Ω, Bju = gj on ∂Ω, j = 1, . . . , q. (4.1)
We will onnet the following spaes with this problem:
K∞L (Ω) :=
{
u ∈ C∞( Ω ) : Lu = 0 in Ω
}
,
Ks,ϕL (Ω) :=
{
u ∈ Hs,ϕ(Ω) : Lu = 0 in Ω
}
for s ∈ R, ϕ ∈ M. It follows from a ontinuity of the embedding Hs,ϕ(Ω) →֒ D′(Ω) that
Ks,ϕL (Ω) is a losed subspae in H
s,ϕ(Ω). We an onsider Ks,ϕL (Ω) as a Hilbert spae with
respet to the inner produt in Hs,ϕ(Ω).
Theorem 4.1. Let s ∈ R and ϕ ∈ M. The set K∞L (Ω) is dense in the spae K
s,ϕ
L (Ω). The
mapping
u 7→ Bu = (B1u, . . . , Bqu), u ∈ K
∞
L (Ω),
is extended by a ontinuity to the bounded linear operator
B : Ks,ϕL (Ω)→
q⊕
j=1
Hs−mj−1/2, ϕ(∂Ω) =: Hs,ϕ(∂Ω). (4.2)
This operator is a Fredholm one. Its kernel oinides with N , and its range is equal to the set{
(g1, . . . , gq) ∈ Hs,ϕ(∂Ω) :
q∑
j=1
(gj, C
+
j v)∂Ω = 0 ∀ v ∈ N
+
}
.
The index of the operator (4.2) is equal to dimN − dimG+ where
G+ :=
{ (
C+1 v, . . . , C
+
q v
)
: v ∈ N+
}
,
and does not depend on s, ϕ.
Theorem 4.1 was proved in [38, Se. 6℄. In ontrast to Theorem 3.1, the elliptiity ondition
is essential for the boundedness of the operator (4.2) in the ase where s ≤ m + 1/2. Note
that dimG+ ≤ dimN+ where the strit inequality is possible that results from [21, Theorem
13.6.15℄. In the ase where ϕ ≡ 1 and s ∈ R \ {−1/2,−3/2,−5/2, . . .} Theorem 4.1 is a
onsequene of the LionsMagenes Theorems [27, Ch. 2, Se. 6.6, 7.3℄ (see also [25, 26℄ and
[28, Se. 6.10, 6.12℄).
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4.3. An ellipti problem with homogeneous boundary onditions. Now we will on-
sider the regular ellipti boundary problem (3.1), (3.2), provided that all gj ≡ 0:
Lu = f in Ω, Bju = 0 on ∂Ω, j = 1, . . . , q. (4.3)
Let us introdue the funtion spaes in whih the operator of the problem (4.3) ats. For
the sake of brevity, we denote by (b.c.) the homogeneous boundary onditions in (4.3). In
addition, we denote by (b.c.)+ the homogeneous boundary onditions
B+j v = 0 on ∂Ω, j = 1, . . . , q.
They orrespond to the formally adjoint boundary problem (3.3), (3.4). We set
C∞(b.c.) :=
{
u ∈ C∞( Ω ) : Bju = 0 on ∂Ω ∀ j = 1, . . . , q
}
,
C∞(b.c.)+ :=
{
v ∈ C∞( Ω ) : B+j v = 0 on ∂Ω ∀ j = 1, . . . , q
}
.
Let s ∈ R and ϕ ∈M. We dene the Hilbert spae Hs,ϕ,(0)(Ω) in the following way:
Hs,ϕ,(0)(Ω) :=
{
Hs,ϕ(Ω) for s ≥ 0,
Hs,ϕ
Ω
(Rn) for s < 0.
Aording to Theorem 1.1 (iii), (vii), the spaes Hs,ϕ,(0)(Ω) and H−s,1/ϕ,(0)(Ω) are mutually
dual for every s ∈ R with respet to the inner produt in L2(Ω). It also follows from Theorem
1.1 (i), (ii) that the set C∞( Ω ) is dense in the spae Hs,ϕ,(0)(Ω) for eah s ∈ R. Here we
identify eah funtion f ∈ C∞( Ω ) with its extension by zero
Of(x) :=
{
f(x) for x ∈ Ω,
0 for x ∈ Rn \ Ω,
(4.4)
whih is a regular distribution in Hs,ϕ
Ω
(Rn) for s < 0. Now one may onlude that Theorem
1.1 (iii), (iv) implies the ontinuous dense embedding
Hs1,ϕ1,(0)(Ω) →֒ Hs,ϕ,(0)(Ω) for −∞ < s < s1 <∞, and ϕ, ϕ1 ∈ M.
Finally, let us dene the Hilbert spaes Hs,ϕ(b.c.) and Hs,ϕ(b.c.)+ of distributions satisfying
the homogeneous boundary onditions. In the ase where s /∈ {mj + 1/2 : j = 1, . . . , q} we
denote by Hs,ϕ(b.c.) the losure of C∞(b.c.) in the spae Hs,ϕ,(0)(Ω). In the ase where
s ∈ {mj + 1/2 : j = 1, . . . , q} we dene the spae Hs,ϕ(b.c.) by means of the interpolation
with the parameter ψ(t) = t1/2:
Hs,ϕ(b.c.) :=
[
Hs−1/2, ϕ(b.c.), Hs+1/2, ϕ(b.c.)
]
t1/2
. (4.5)
If we hange (b.c.) for (b.c.)+, and mj for m
+
j in the last two sentenes, we give the denition
of the spae Hs,ϕ(b.c.)+. Note that in the ase where s ∈ {mj +1/2 : j = 1, . . . , q} the norms
in the spaes Hs,ϕ(b.c.) and Hs,ϕ,(0)(Ω) are not equivalent. The analogous fat is true for
Hs,ϕ(b.c.)+.
Proposition 4.1. Let s > 0, s 6= mj + 1/2 for all j = 1, . . . , q, and ϕ ∈M. Then
Hs,ϕ(b.c.) =
{
u ∈ Hs,ϕ(Ω) : Bju = 0 on ∂Ω for all j = 1, . . . , q suh that s > mj + 1/2
}
.
If s < 1/2, then Hs,ϕ(b.c.) = Hs,ϕ,(0)(Ω). This proposition remains true if we hange mj for
m+j , (b.c.) for (b.c.)
+
, and Bj for B
+
j .
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Theorem 4.2. Let s ∈ R and ϕ ∈ M. The mapping u 7→ Lu, u ∈ C∞(b.c.), is extended by
a ontinuity to the bounded linear operator
L : Hs,ϕ(b.c.)→ (H2q−s,1/ϕ(b.c.)+)′. (4.6)
Here the funtion Lu is interpreted as the funtional (Lu, · )Ω, whereas (H2q−s, 1/ϕ(b.c.)+)′
denotes the antidual spae to H2q−s, 1/ϕ(b.c.)+ with respet to the inner produt in L2(Ω). The
operator (4.6) is a Fredholm one. Its kernel oinides with N , and its range is equal to the
set {
f ∈ (H2q−s, 1/ϕ(b.c.)+)′ : (f, v)Ω = 0 ∀ v ∈ N
+
}
.
The index of the operator (4.6) is equal to dimN − dimN+ and does not depend on s, ϕ.
Theorem 4.2 was proved in [39, Se. 5℄, provided that s 6= j − 1/2 for eah j = 1, . . . , 2q.
For the rest values of s, the theorem is dedued by means of the interpolation formula (4.5).
The analogs of Theorems 3.23.4 was obtained for the operator (4.6) as well (see also [32℄).
Theorem 4.2 speies, with regard to the rened sale, the theorem of Berezansky, Krein and
Roitberg on homeomorphisms realized by the ellipti operator L on the two-sided Sobolev
sale [8℄, [9, Ch. 3, Se. 6℄, [57, Se. 5.5℄. In the ase of s ≤ m+1/2 the elliptiity ondition is
essential for the boundedness of the operator (4.6). The interpolation spae (4.5) was studied
in the Sobolev ase of ϕ ≡ 1 in [16, 60℄ (see also [63, Se. 4.3.3℄).
4.4. We note that the general nonhomogeneous boundary problem (3.1), (3.2) annot be
redued to the semihomogeneous boundary problems in the lower part of the rened sale,
namely for s < m + 1/2. Indeed, if s < −1/2, then solutions to these problems belong to
the spaes of distributions of the dierent nature; solutions to the problem (4.1) belong to
Ks,ϕL (Ω) ⊂ H
s,ϕ(Ω) being distributions dened in the open domain Ω, whereas solutions to the
problem (4.3) belong to Hs,ϕ(b.c.) ⊂ Hs,ϕ
Ω
(Rn) being distributions supported on the losed
domain Ω. If −1/2 < s < m + 1/2, then solutions to the semihomogeneous problems are
distributions dened in Ω (see Theorem 1.1 (iii) in the ase −1/2 < s < 0), but the operator
(L,B) an not be orretly dened on Ks,ϕL (Ω) ∪H
s,ϕ(b.c.) beause of the inequality
(Ks,ϕL (Ω) ∩H
s,ϕ(b.c.)) \ N 6= ∅. (4.7)
Note also that in the ase where s > m+ 1/2 we have the equality of sets in (4.7). Hene
the nonhomogeneous problem (3.1), (3.2) is redued to the semihomogeneous problems (4.1)
and (4.3); i.e., Theorem 3.1 is equivalent to Theorems 4.1 and 4.2 taken together.
5. Generi theorems for ellipti problems in two-sided sales
In [55, 57, 58℄ Ya. A. Roitberg introdued a speial modiation of the Sobolev two-sided
sale in whih the operator of an ellipti boundary problem is bounded and a Fredholm one
for every parameter s ∈ R (see also [9, Ch. 3, Se. 6℄, [5, Se. 7.9℄). This modiation does
not depend on oeients of the ellipti dierential expression but depends solely on the order
of the expression. Therefore, the theorems on properties of ellipti problems in suh modied
sale is naturally to all generi (for the lass of the problems having the same order). We
will onsider these theorems with regard to the rened sale.
Let s ∈ R, ϕ ∈ M, and integer r > 0. We set Er := {k − 1/2 : k = 1, . . . , r}. In the
ase where s ∈ R \Er we denote by Hs,ϕ,(r)(Ω) the ompletion of C∞( Ω ) with respet to the
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Hilbert norm
‖u‖Hs,ϕ,(r)(Ω) :=
(
‖u‖2Hs,ϕ,(0)(Ω) +
r∑
k=1
∥∥(Dk−1ν u) ↾ ∂Ω∥∥2Hs−k+1/2,ϕ(∂Ω) )1/2.
Here Dν := i ∂/∂ν, with ν being the unit vetor of the inner normal to ∂Ω. In the ase where
s ∈ Er we set
Hs,ϕ,(r)(Ω) :=
[
Hs−1/2,ϕ,(r)(Ω), Hs+1/2,ϕ,(r)(Ω)
]
t1/2
.
The olletion of separable Hilbert spaes
{Hs,ϕ,(r)(Ω) : s ∈ R, ϕ ∈M} (5.1)
is alled the rened sale modied in the Roitberg sense. The number r is alled the index of
this modiation.
The sale (5.1) admits the following desription. Let us denote by Υs,ϕ,(r)(Ω, ∂Ω) the spae
of all vetor-funtions
(u0, u1, . . . , ur) ∈ H
s,ϕ,(0)(Ω)⊕
r⊕
k=1
Hs−k+1/2, ϕ(∂Ω) (5.2)
suh that uk = (D
k−1
ν u0) ↾ ∂Ω for every integer k = 1, . . . r satisfying the inequality s >
k − 1/2. In view of Theorem 1.1 (viii), Υs,ϕ,(r)(Ω, ∂Ω) is a Hilbert spae with respet to the
inner produt in the spae (5.2).
Proposition 5.1. The mapping
Tr : u 7→
(
u, u ↾ ∂Ω, . . . , (Dr−1ν u) ↾ ∂Ω
)
, u ∈ C∞( Ω ),
is extended by a ontinuity to the bounded linear injetive operator
Tr : H
s,ϕ,(r)(Ω)→ Υs,ϕ,(r)(Ω, ∂Ω) (5.3)
far all s ∈ R and ϕ ∈ M. If s /∈ Er, then the operator (5.3) is an isometri isomorphism.
Thus, we an interpret an element u ∈ Hs,ϕ,(r)(Ω) as the vetor-valued funtion
(u0, u1, . . . , ur) := Tru ∈ Υs,ϕ,(r)(Ω, ∂Ω). (5.4)
Note that in view of Theorem 1.1 (viii)
‖u‖Hs,ϕ,(r)(Ω) ≍ ‖u0‖Hs,ϕ,(0)(Ω) = ‖u0‖Hs,ϕ(Ω) if s > r − 1/2.
Therefore
Hs,ϕ,(r)(Ω) = Hs,ϕ(Ω) with equvivalene of norms if s > r − 1/2. (5.5)
Theorem 5.1. Let s ∈ R and ϕ ∈M. The mapping (3.6) is extended by a ontinuity to the
bounded linear operator
(L,B) : Hs,ϕ,(2q)(Ω)→ Hs−2q,ϕ,(0)(Ω)⊕
q⊕
j=1
Hs−mj−1/2, ϕ(∂Ω) =: Hs,ϕ,(0)(Ω, ∂Ω). (5.6)
This operator is a Fredholm one. Its kernel oinides with N , and its range is equal to the set{
(f, g1, . . . , gq) ∈ Hs,ϕ,(0)(Ω, ∂Ω) : (f, v)Ω +
q∑
j=1
(gj , C
+
j v)∂Ω = 0 ∀ v ∈ N
+
}
.
The index of the operator (5.6) is equal to dimN − dimN+ and does not depend on s, ϕ.
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This theorem is generi beause the spaes in whih the operator (5.6) ats are the same
for all boundary problems of the ommon order (2q,m1, . . . , mq). It follows from (5.5) that
Theorem 5.1 oinides with Theorem 3.1 for s > 2q − 1/2.
Using Proposition 5.1 we give the following interpretation of a solution u ∈ Hs,ϕ,(2q)(Ω) to
the boundary problem (3.1), (3.2) in the sense of the distribution theory. Let us write down
the dierential expressions L and Bj in a neighborhood of ∂Ω in the form
L =
2q∑
k=0
LkD
k
ν , Bj =
mj∑
k=0
Bj,kD
k
ν . (5.7)
Here Lk and Bj,k are ertain tangent dierential expression. Integrating by parts we arrive
at the (speial) Green formula
(Lu, v)Ω = (u, L
+v)Ω − i
2q∑
k=1
(Dk−1ν u, L
(k)v)∂Ω, u, v ∈ C
∞( Ω ).
Here L(k) :=
∑2q
r=kD
r−k
ν L
+
r , with L
+
r being the tangent dierential expression formally adjoint
to Lr. By passing to the limit and using the notation (5.4) we get the next equality for
u ∈ Hs,ϕ,(2q)(Ω):
(Lu, v)Ω = (u0, L
+v)Ω − i
2q∑
k=1
(uk, L
(k)v)∂Ω, v ∈ C
∞( Ω ). (5.8)
Now it follows from (5.7), (5.8) that the element u ∈ Hs,ϕ,(2q)(Ω) is a solution to the boundary
problem (3.1), (3.2) with f ∈ Hs−2q,ϕ,(0)(Ω), gi ∈ Hs−mj−1/2, ϕ(∂Ω) if and only if the following
equalities hold true:
(u0, L
+v)Ω − i
2q∑
k=1
(uk, L
(k)v)∂Ω = (f, v)Ω for all v ∈ C
∞( Ω ),
mj∑
k=0
Bj,k uk+1 = gj on ∂Ω, j = 1, . . . , q.
Theorem 5.1 was proved in [41, Se. 5℄. The analogs of Theorems 3.23.4 were obtained for
the operator (5.6) as well. Theorem 5.1 speies, with regard to the rened sale, the theorem
of Ya. A. Roitberg on the Fredholm property of a regular ellipti boundary problem in the
modied Sobolev sale (so-alled theorem on a omplete olletions of homeomorphisms) [55℄,
[57, Se. 4.1, 5.3℄ (see also [9, Ch. 3, Se. 6℄, [5, Se. 7.9℄). The analogs of Theorem 5.1 are
also valid for nonregular ellipti boundary problems both for one and for system of partial
dierential equations. Note that the boundedness of the operator (5.6) holds true without
the elliptiity assumption. Ellipti boundary problems in the modied two-sided sales of
dierent normed spaes were studied in [57℄ (the Sobolev Lp-spaes) and in [50, 51℄ (non-
Sobolev spaes). A ertain lasses of non-ellipti problems were investigated in the two-sided
modied sales as well (see [58℄, [13℄ and the referenes therein).
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6. Individual theorems for ellipti problems
In the individual theorems, the domain of the operator (L,B) depends on oeients of
the ellipti expression L. Namely, we onsider the operator
(L,B) : Ds,ϕL,X(Ω)→ X(Ω)⊕
q⊕
j=1
Hs−mj−1/2, ϕ(∂Ω) =: Xs,ϕ(Ω, ∂Ω). (6.1)
Here s ∈ R, ϕ ∈M, and X(Ω) is a ertain Hilbert spae onsisting of distributions in Ω and
satisfying the ontinuous embedding X(Ω) →֒ D′(Ω). The domain of the operator (6.1) is the
Hilbert spae
Ds,ϕL,X(Ω) :=
{
u ∈ Hs,ϕ(Ω) : Lu ∈ X(Ω)
}
endowed with the graphis inner produt
(u, v)Ds,ϕL,X(Ω) := (u, v)Hs,ϕ(Ω) + (Lu, Lv)X(Ω).
In the ase where s > m+1/2 we may setX(Ω) := Hs−2q, ϕ(Ω) that leads us to Theorem 3.1.
But in the ase where s ≤ m+ 1/2 we annot do so if we want to dene the operator (L,B)
on the non-modied rened sale. The spae X(Ω) must be narrower than Hs−2q, ϕ(Ω).
Let us formulate the onditions on X(Ω) under whih the operator (5.1) is bounded and
has the Fredholm property for some s and ϕ.
Condition 1. The set X∞(Ω) := X(Ω) ∩ C∞( Ω ) is dense in the spae X(Ω).
Condition 2. There exists a number c > 0 suh that
‖Of‖Hs−2q,ϕ(Rn) ≤ c ‖f‖X(Ω) ∀ f ∈ X
∞(Ω).
We reall that the funtion Of is given by formula (4.4). It follows from the Conditions 1
and 2 that the mapping f 7→ Of , f ∈ X∞(Ω), is extended by ontinuity to the linear bounded
operator
O : X(Ω)→ Hs−2q, ϕ
Ω
(Rn).
It satises the ondition Of = f in Ω; i.e., O is an operator extending a distribution from Ω
onto Rn. This implies the ontinuous embedding X(Ω) →֒ Hs−2q, ϕ(Ω).
Theorem 6.1. Let s < 2q − 1/2, s+ 1/2 /∈ Z, and ϕ ∈M. We assume that a Hilbert spae
X(Ω) is ontinuously embedded into D′(Ω) and satises Conditions 1, 2. Then the following
assertions hold true:
(i) The set D∞L,X(Ω) := { u ∈ C
∞( Ω ) : Lu ∈ X(Ω) } is dense in the spae Ds,ϕL,X(Ω).
(ii) The mapping (3.6), where u ∈ D∞L,X(Ω), is extended by a ontinuity to the linear
bounded operator (6.1).
(iii) The operator (6.1) is a Fredholm one. Its kernel oinides with N , and its range is
equal to the set{
(f, g1, . . . , gq) ∈ Xs,ϕ(Ω, ∂Ω) : (f, v)Ω +
q∑
j=1
(gj, C
+
j v)∂Ω = 0 ∀ v ∈ N
+
}
.
(iv) If the set O(X∞(Ω)) is dense in the spae Hs−2q, ϕ
Ω
(Rn), then the index of the operator
(6.1) is equal to dimN − dimN+.
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Conditions 1 and 2 allow us to vary the spae X(Ω) in a broad fashion. We espeially note
two possible options of X(Ω). The rst of them is the hoie X(Ω) := Hσ,η(Ω) for arbitrary
xed parameters σ > −1/2 and η ∈M.
Theorem 6.2. Let s < 2q− 1/2, s+ 1/2 /∈ Z, σ > −1/2, and ϕ, η ∈M. The mapping (3.6)
is extended by a ontinuity to the bounded and the Fredholm operator
(L,B) :
{
u ∈ Hs,ϕ(Ω) : Lu ∈ Hσ,η(Ω)
}
→ Hσ,η(Ω)⊕
q⊕
j=1
Hs−mj−1/2, ϕ(∂Ω), (6.2)
provided that its domain is endowed with the graphis norm(
‖u‖2Hs,ϕ(Ω) + ‖Lu‖
2
Hσ,η(Ω)
)1/2
.
The index of the operator (6.2) is equal to dimN−dimN+ and does not depend on parameters
s, σ, ϕ, and η.
The ase were σ = 0 and η ≡ 1, i.e. X(Ω) := H0,1(Ω) = L2(Ω), is of great importane in
the spetral theory of ellipti operators [17, 18, 30, 31℄.
The ondition σ > −1/2 is essential in Theorem 2, that does not allow us to onsider the
boundary problem (3.1), (3.2) for an arbitrary distribution f ∈ D′(Ω) supported on a ompat
subset in Ω. Here the important example is f(x) := δ(x− x0), where x0 ∈ Ω. The following
onstrution of the spae X(Ω) has not this demerit.
We onsider the set of weight funtions
W∞k ( Ω ) :=
{
ρ ∈ C∞( Ω ) : ρ > 0 in Ω, Djν ρ = 0 on ∂Ω ∀ j = 0, . . . , k
}
,
where integer k ≥ 0.
Let s < 2q − 1/2, ϕ ∈M, and ρ ∈ W∞[2q−s−1/2]( Ω ). (As usual, [t] denotes the integral part
of t.) We onsider the spae
ρHs−2q, ϕ(Ω) :=
{
f = ρv : v ∈ Hs−2q, ϕ(Ω)
}
endowed with the inner produt(
f1, f2
)
ρHs−2q, ϕ(Ω)
:=
(
ρ−1f1, ρ
−1f2
)
Hs−2q, ϕ(Ω)
.
The spae X(Ω) = ρHs−2q, ϕ(Ω) is Hilbert separable and satises Conditions 1, 2.
Theorem 6.3. Let s < 2q−1/2, s+1/2 /∈ Z, ϕ ∈M, and ρ ∈ W∞[2q−s−1/2]( Ω ). The mapping
(3.6), where u ∈ C∞( Ω ), Lu ∈ ρHs−2q, ϕ(Ω), is extended by a ontinuity to the bounded and
the Fredholm operator
(L,B) :
{
u ∈ Hs,ϕ(Ω) : Lu ∈ ρHs−2q, ϕ(Ω)
}
→ ρHs−2q, ϕ(Ω)⊕
q⊕
j=1
Hs−mj−1/2, ϕ(∂Ω), (6.3)
provided that its domain is endowed with the graphis norm(
‖u‖2Hs,ϕ(Ω) + ‖Lu‖
2
ρHs−2q,ϕ(Ω)
)1/2
.
The index of the operator (6.3) is equal to dimN −dimN+ and does not depend on s, ϕ, and
ρ.
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As an example of ρ ∈ W∞[2q−s−1/2]( Ω ), we may hose every funtion ρ ∈ C
∞( Ω ) suh that
ρ is positive in Ω and
ρ(·) = (dist(·, ∂Ω))δ in a neighborhood of ∂Ω for δ = [2q − s+ 1/2]. (6.4)
Theorems 6.16.3 were proved in [44, 43℄. They are losely onneted with the theorems
of J.-L. Lions and E. Magenes on a solvability of ellipti boundary problems in the two-sided
Sobolev sale [25, 26, 27, 28℄. A theorem similar to Theorem 6.1 were proved in [28, Se.
6.10℄ in the ase of s ≤ 0, ϕ ≡ 1 and the Dirihlet boundary onditions. In this paper, ertain
dierent onditions depending on the problem under onsideration were imposed on X(Ω)
(see also [27, Ch. 2, Se. 6.2℄). Theorem 6.2 was proved in [25, 26℄ in the important ase
ϕ ≡ χ ≡ 1 and σ = 0. Theorem 6.3 was proved in [27, Ch. 2, Se. 6,7℄ in the ase where
ϕ ≡ 1 and the weight funtion ρ satises the ondition (6.4) with δ = 2q − s. The similar
questions were onsidered in [56, 24℄, [58, Se. 1.3℄ for the modied Sobolev sale. We note
that Theorems 6.2 and 6.3 are also true for half-integer values of s if we dene the spaes
with the help of the interpolation.
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